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RELATIONSHIP AMONG THE ONE DERIVED AND THE LATER SAMPLE

We will work on a sampling retained of order zero.




The speed of the sampling will be much bigger that the maximum speed of the sign «x»; or, said otherwise by the theorem of the sampling:


T  <  1 / 2 fmáx

Subsequently we show that, for a dynamic consideration, the amplitude of the next sample is proportional to the one derived in the point of previous sample:





x´  =  tg   =  [ x(t+t) - x(t) ] / t   =  [ x(kT+T) - x(kT) ] / T  =  [ x(k+1) - x(k) ] / T

As for the transformed of Laplace


L [ x(t-kT) - x(0) ]  =  e-skT [ x(s) - x(0) ]

or


L [ x(t+kT) - x(0) ]  =  eskT [ x(s) - x(0) ]

And for the transformed z


Z [ x(k+1) ]  =  z . [ x(z) - x(0) ]  =   L -1 { esT [ x(s) - x(0) ] }

It is


x´ . T   =  x(k+1) - x(k)  =  L -1 { eskT [ x(s) - x(0) ] }  =  Z [ x(k+1) ]

Finally


x´    Z [ x(k+1) ]

A simple demonstration would be


x´  =  tg   =  x(k+1) / T  =  [ x(t+t) - x(t) ] / t   


lím   tg   =  x(t)´   =  x(k+1) / T


t 0


x(k+1)   =   x(t)´  .  T     x´

GENERALITIES OF THE SAMPLING

As


z  =  esT

x(kT)  =  x(k)



it is for the one transformed of Laplace


x(z)  =  x*(t)  =  0 x(k) . e-ksT  =  0 x(k) . z-k  =  x(0) + x(T).z-1 +  x(2T).z-2 + ...

where an equivalence is observed among the «integrative» with the «"retarder"»:


e-sT  =   z-1  =   1/z




TRANSFER OF THE «SAMPLING AND R.O.C.» («M-ROC»)

Be «Xo» a pedestal and «*» the impulse of Kronecker. Then:


x(t)  
=   * Xo


x(s) 
=   Xo


y(t)  
=   Yo . [ X(to) - X(to+T) ]


y(s)  
=   Yo . [ (1/s) - (e-sT/s) ]




de donde


GO(s)  
=    y(s) / x(s)  =  (Yo/Xo) . [ (1 - e-sT) / s ]   =   Go . [ (1 - e-sT) / s ] 


GO(z)  
=     y(z) / x(z)  =  Z [ G(s) ]  =  Z ( 1 - e-sT ) . Z ( 1 / s )  =



=     ( 1 - z-1 ) . Z ( 1 / s )  =    ( 1 - z-1 ) . ( 1 - z-1 )-1  =  1

SYSTEMS WITH «M-ROC»

1º CASE





G0(s)  
=    (1 - e-sT) / s


G(s)
=   G0(s) . G1(s)  =   (1 - e-sT) . G1(s) / s


G(z)
=   Z ( 1 - e-sT ) . Z [ G1(s) / s ]  =  ( 1 - z-1 ) . Z [ G1(s) / s ]    1 . Z [ G1(s) ]

2º CASE





G(z)
=   Ga(z) . Gb(z)
3º CASE





G(z)
=   Z [ Ga(s) . G2(s) ]    Ga(z) . G2(z)
4º CASE





Glc(z)
=   { ( 1 - e-z ) . Z [ G(s) / s ] }  /  { 1 +  ( 1 - e-z ) . Z [G(s)H(s) / s] }   

5º CASE





Glc(z)
no se puede hallar 


y(z)
=   Z [ r.G(s) ] /  { 1 +  ( 1 - e-z ) . Z [G(s)H(s) / s] }   

RESOLUTION OF TEMPORARY GRAPHS

Be


G(z)  
=  K1 . [ (z+z1) (z+z2) ... ] / [ (z+p1) (z+p2) ... ]  =



=  K2 . [ (1+z1z-1) (1+z2z-1) ... ] / [ (1+p1z-1) (1+p2z-1) ... ]




and decomposing it in simple fractions


G(z)  
=  K2 . { [ A / (1+p1z-1) ]  +  [ B / (1+p2z-1) ]  +  ...  }    

it can be


G(s)  
=  K2  . ( a + b.e-sT + c.e-s2T + ... )

and for the one transformed of Laplace it is


L [ e-snT.r(s) ]  =  r(t-nT)
it is finally


y(t)
=   L -1[ G(s) . r(s) ]  =  



=  K2  . [ a.r(t) + b.r(t-T) + c.r(t-2T) + ... ]




Application example

Be the following plant system Gp with feedback


Gp(s)  
=   K / ( s + a )


H(s)  
=   1 / s


r(t)
 unitary pedestal





( 1 - z-1 ) . Z [ Gp(s) / s ] =  ( 1 - z-1 ) . Z [ K / s ( s + a ) ]  =  [(1-e-aT) / (2-e-aT)] . K/a


( 1 - z-1 ) . Z [Gp(s)H(s) / s]  = { [z(e-aT-1+aT) + (1-e-aT-aTe-aT)] / [(z-1)(z-e-aT)] } . K/a2
and if we simplify A=1, T=1 and K=1

 
Glc(z)
=   { ( 1 - z-1 ) . Z [ G(s) / s ] }  /  { 1 +  ( 1 - z-1 ) . Z [G(s)H(s) / s] }   =



=   0,63 (z-1) / (z2-z+0,63)   =   0,63 (z-1) / [ (z-z1) (z-z1*) ]


z1
=      0,5 + j 0,62   =   0,796 . ej51,1º (0,796 1 estable)

We outline the excitement now

 
r(s)
=   1 / s

 
r(z)
=   z / (z-1)

to find the output


y(z)
=   r(z) . Glc(z)
=   0,63 z / [ (z-0,5-j0,62) (z-0,5+j0,62) ]   =   



=   z . [ (A/(z-z1) + B/(z-z1*) ]

with


A
=   -j 0,51


B
=    j 0,51

of where


y(z)
=   [ -j 0,51 z/(z-z1) ] +  [ j 0,51 z/(z-z1*) ]

and as those transformed (pedestal in this case) they correspond


U(t)
   1(k)
   1 / s      1 / ( 1 - z-1 )   =   z / ( z - 1 )

it is finally


y(k)
=   [ -j 0,51 z1k ] +  [ j 0,51 z1*k ]   =



=   [ -j 0,51 (0,5 + j 0,62)k ] +  [ j 0,51 (0,5 - j 0,62)k ]   


   1,02 . z1k   =   1,02 . 0,796k . sen (k 51,1º)




EQUATIONS OF STATE


We present the system and their behavior equations subsequently




  x(k+1)

=  A  x(k)   
+   b  u(k)

  y(k)   

=  C  x(k)    
+   d  u(k)




Gp(z)  
=  y(z) / u(z)   =   Gpo / [(z + z1) (z + z2) ...]

x(z) / u(z)   =   b . [G / (1 + G.H)]  =  b . {(1/z) / [1 + (A .1/z)]}  =   b  /  (z + A)

_________________________________________________________________________________
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