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GENERALITIES

Each transfer reactivates inertial it will determine a state « xi », because there is not a lineal correspondence (in the time) between its entrance and the output.




  x´  =  A  x   
+   b  u












   










  y   =  C  x    
+   d  u










x
vector of the state of the plant Gp of dimension n x 1

u
vector of input of control of the plant Gp of dimension r x 1

y
vector of the output of the plant Gp of dimension m x 1

Gp  =  y / u   =   Gpo / [(s + s1) (s + s2) ...]

x / u   =   b . [G / (1 + G.H)]  =  b . {(1/s) / [1 + (A .1/s)]}  =   b  /  (s + A)

A
matrix of speed of the plant Gp  [1/seg] of dimension n x n

B
matrix of control of the state through the input «u» of the plant Gp of dimension nx r

C
output matrix «y» of the plant dimension Gp of dimension m x n

D
matrix of direct joining of the input «u» of the plant Gp of dimension m x r


-s1
a12  











A  =

   











a21 
-s2   













s+s1
       0
Det (s I - A)  =  

   
=   (s + s1) (s + s2) ... =  s2 + a1s + a2  = 0



0
s+s2   
a1  =  a11 + a22
 =  (-s1) + (-s2)  =  - (s1 + s2)

a2  =  a11a12 - a12a21
Lineal transformation of A

For a plant matrix A diagonalized like A* for a lineal transformation T (modal matrix, denominated this way by the «mode» in that transforms, and that it has their columns made with the auto-vectors —adopted— of A):




v11
v12  
T  =  [ v1   v2 ]
=   




v21 
v22   
A*   =   T-1. A . T 

b*    =   T-1. b

c*T  =   cT  . T

x    =   T . x* 

under the form non general Jordan but canonical —because their auto-values are different, and called this way to be a «legal particular convention»— the poles of the plant Gp that are s1 and s2 is similar to the poles of the Gp*—that would be s*1 and s*2—, because the auto-values of a diagonal matrix is their elements, and because the auto-values don't change for a lineal transformation.

Then:



-s*1
   0   

-s1
  0   





A*  =

   
=  
   








0 
-s*2   

0 
-s2   










what determines that both characteristic equations of Gp and of Gp * they are same






s+s1
    0   
Det ( s I - A )  =  Det ( s I - A* )  =


   
=    (s + s1) (s + s2)







0 
s+s2   









DETERMINATION OF THE STATES

In the spectrum field

Gp  =  y / u   =  Gp1 . Gp2 ...  =  (y/x2) . (x2/x3) ...  =  [Gpo1 / (s + s1)] . [Gpo2 / (s + s2)] ...




xi-1/xi  
=  Gpoi / (s + si)

xi . Gpoi  =  xi-1 . (s + si)  =   xi-1. s + xi-1. si 

In the temporary field

xi . Gpoi  =   xi-1´ + xi-1. si 

xi-1´ 
=  (-si) . xi-1 +  Gpoi . xi 

that is to say, generalizing for 3 inertias

x1´
=  (-s1) . x1 
+  a12   . x2 
+  a13   . x3 

x2´
=  a21   . x1 
+  (-s2) . x2  
+  a23   . x3 

x3´
=  a31   . x1 
+  a32   . x2 
+  (-s3) . x3 

CONTROLABILITY

The transfer G(s)it is only partially a report.


G(s)
=    y(s) / u(s)  ] x(0)=0   =  G(y1)     G(y2)



It specifies this concept the possibility to control —or to govern—the state variables «x» from the input «u».


U  =  [ B   A.B   ...  An-1.B ]  


matrix of controlability of n x (n x r)

Rango U  = ...


Quantity of «x» not controllable  =  n - Rango U

OBSERVABILILITY

It specifies this concept the possibility to observe —to have access to their translation and mensuration— the state variables «x». If it is not this way, it will be necessary to estimate them as «x^».


O   =   [ CT   ATCT   (AT)2CT ...   (AT)n-1CT ] 
matrix of observality

Rango O  = ...


Quantity of «x» non observabilities  =  n - Rango O

VARIABLES OF STATE OF PHASE

In continuous systems

Be a plant Gp in the transformed field of Laplace, where there are m zeros and n poles and that, so that it is inertial it requires logically that m n

Gp  =  y / u  =  K . [ cmsm + ... c0 ] / [ sn + ansn-1 + ... a1 ]  =

      =  [ x1 / u ] . [ y / x1 ]  =  [ K / ( sn + ansn-1 + ... a1 ] . [ cmsm + ... c0 ]




State equation

In the spectrum

x1 / u  =  K / ( sn + ansn-1 + ... a1 )

K u  =  x1 sn + x1 ansn-1 + ... x1 a1
and in the time

K u  =  x1n +  anx1n-1 + ... a1x1 

and being

x2  =  x1´

x1´  =  x2
x3  =  x2´

x2´  =  x3
...


...

xn  =  xn-1´

xn´  =  xn+1
it is

K u  =  xn+1 +  anxn + ... a2x2 +  a1x1  

and finally (here it is exemplified n = 3)


x1´ 

0    1    0  
x1

0  

x´  =
 ...    =

0    0    1     
...+  
0     u


xn´ 

-a1 ...  -an 
xn

K  
Putput equation

In the spectrum

y / x1   =  cmsm + ... co
y  =  cmsm x1+ cm-1sm-1 x1 + ... co x1
and in the time

y  =  cmx1m+ cm-1x1m-1 + ... c1 x1´ +  co x1
because

xm+1  =  x1m
xm  =  x1m-1
...

x2  =  x1´

and finally (here it is exemplified m = 3)


y1    




x1    
y  =     
...

[ c1  ...  cm 0  0 ]  .
...

ym+1




xm+1
donde la cantidad de elementos de [ c1  ...  cm 0  0 ] es n.

Example 1

Be 


m = n - 1


Gp  =  y / u  =  K . [ cn-1sn-1 + ... c1 ] / [ sn + ansn-1 + ... a1 ]  

then


x1´ 

0    1    0  
x1

0  

x´  =
 ...    =

0    0    1     
...+  
0     u


xn´ 

-a1 ...  -an 
xn

K  

y1  



x1 
y  =     
...

[ c1  ...  cm 0 ]  .
...

yn  



xn 
Example 2

In the transformed field

Gp  =  ( y.sn  +   y.sn-1 . kn-1  + ...  y . k0 ) /  u

In the temporary field

Gp . u  
=   yn  +   yn-1 . kn-1  + ...  y . k0  

x1  =  y,  x2  =  x1´ =  y´, ... xn = xn-1´  = yn-1



For 3 inertias (n = 3)

Gp  =  ( y.s3  +   y.s2 . k2  +   y.s . k1  +   y . k0 ) /  u

Gp . u  
=   y´´´  +   y´´ . k2  +   y´ . k1  +  y . k0  

x1´ =  y´   =  x2
x2´ =  y´´  =  x3
x3´ =  y´´´   =   Gp . u  -   y´´ . k2  -   y´ . k1  -  y . k0    =   (-x3) . k2  + (-x2) . k1  + (-x1) . k0  + Gp . u

x1´ =         0.x1   
+       1.x2 
+      0.x3   
+   0.u


x2´ =         0.x1

+       0.x2
+       1.x1
+   0.u

x3´ =    (-k0) x1

+   (-k1) x2
+  (-k2) x3
+   Gp.u



0    1     0 

0  
x´  =
0    0     1   . x
   +  
0   . u 


-k0 -k1
-k2 

Gp 
Det (sI - A)  =   s3  +   s2 . k2  +   s . k1  +   k0
In discreet systems

Be a plant Gp in the transformed field z, where there are m zeros and n poles and that, so that it is inertial it requires logically that m n

Gp  =  y / u  =  K . [ cmzm + cm-1zm-1 + ... co ] / [ zn + anzn-1 + an-1zn-2 + ... a1 ]

and where the equivalence is given  «k  z»

y(k+n) + any(k+n-1) + an-1y(k+n-2) + ... a1  =  K [ cmu(k+m) + cm-1u(k+m-1) + ... c0 ]

y(z)zn + any(z)zn-1 + an-1y(z)zn-2 + ... a1  =  K [ cmu(z)zm + cm-1u(z)zm-1 + ... c0 ]

it is deduced finally


x1(k+1) 

0    1    0  
x1(k)

0  

x(k+1)  =
 ...            =

0    0    1     
...+  
0     u(k)

xn(k+1) 

-a1 ...  -an 
xn(k)
K  

y1(k)  



x1(k) 
y(k)  =  
...

[ c0  c1  ...  cm 0  0]  .
...

yn(k)  



xn(k) 
where the quantity of elements of  [ c1  ...  cm 0  0 ] it is n.

TRANSFER, RESOLVENT AND TRANSITION

TRANSFER [(s)]

It is denominated matrix of transfer (s) of a plant Gp to the following quotient with conditions null initials


(s)
=    y(s) / u(s)  ] x(0)=0

y(s)
=  [ y1(s)  y2(s)  ... ]T  =  (s) . u(s)



and it is observed that




g11   g12  g13 


(s)  
=
g21   g22  g23
    =   K . [ (s+z1) (s+z2) ... ] / [ (s+s1) (s+s2) ... ]




g31   g32  g33 

Det (s I - A)  =  (s + s1) (s + s2) ... =  s3 + a1s2 + a2s + a3  = 0
   polos de (s)
If we outline in the time


  x´  =  A  x   
+   b  u




 
  y   =  C  x    
+   d  u


it is in the spectrum field


  sx  =  A  x   
+   b  u




 
  y   =  C  x    
+   d  u



sI . x - A x
=  B u



 x
=  ( sI - A )-1 B u



 y
=  C ( sI - A )-1 B u + D u  =  [ C ( sI - A )-1 B + D ] u



(s)
=    y(s) / u(s)  =  C ( sI - A )-1 B + D   =  CB + D

and finally


(s)  
=  C(s)(s)B(s) + D(s)
For discreet systems


(z)  
=  C(z)(z)B(z) + D(z)
In a general way, for continuous or discreet systems, as «C, B, D» they don't have poles, the characteristic equation of «» and of «» they are the same ones.

Example

Be the following system and that we want to find the outputs y(t) in permanent state for an excitement u(t) in unitary pedestal.


-0,011   0,001 

1  
x´  =

              . x
   +  
       . u 


      0,1
      -0,1 

0  

       1          0  



y  =
       0          1    . x


0,001    -0,001 
They are then



s+0,011    0,001 
( sI - A )-1  =

         



        0,1       s+0,1 
Det ( sI - A )-1  =
   s2 + 0,111s + 0,001   =   ( s + s1 ) ( s + s2 )   =   0

s1; s2   =   0,0099; 0,101



s+0,1        0,1 
Cof ( sI - A )-1  =

         



   0,001    s+0,011 


s+0,1      0,001 
Adj ( sI - A )-1  =

         



      0,1    s+0,011 
of where


(s)  
=   y(s) / u(s)  =   C(s)(s)b(s) =   C ( sI - A )-1 b   =   



=   C [ Adj ( sI - A )-1 / Det ( sI - A )-1 ] b   =



=   C [ Adj ( sI - A )-1 ] b  / Det ( sI - A )-1  =




(s + 0,1) / Det ( sI - A )-1 

(s + 0,1) / (s + s1) (s + s2) 
 

=
0,1 / Det ( sI - A )-1 
=
0,1 / (s + s1) (s + s2)




0,001. s / Det ( sI - A )-1  

0,001s / (s + s1) (s + s2) 

u(s)  
=   1/s


y1() 
=   líms0 s.y1(s)   =   líms0 s.(1/s).[(s + 0,1) / (s + s1) (s + s2)]
=  100


y2() 
=   líms0 s.y2(s)   =   líms0 s.(1/s).[0,1 / (s + s1) (s + s2)]  
=  100


y3() 
=   líms0 s.y3(s)   =   líms0 s.(1/s).[0,001s / (s + s1) (s + s2)]  
=   0

RESOLVENT [(s)]

We call (s) to the function that allows «to solve» the transfer function (s)

(s)  
=  [ sI - A(s) ]-1
The poles of (s) they are the auto-values of A, or, the poles of (s) of the plant Gp.


Det (s I - A)-1  =  (s + s1) (s + s2) ... 


   poles of (s) and of (s)
For discreet systems


(z)  
=  [ zI - A(z) ]-1
TRANSITION [(t)]
It is the matrix of transfer (s) in the time


 (t)
=    L -1[(s)]

and it differs conceptually because it considers the initial state x(0).

If the system is SI-SO


     x´
=  a x  +  b u

        sx - x(0)
=  a x  +  b u


     x
=  [ x(0) / (s-a) ]  +  [ b u / (s-a) ]

with



x(0) / (s-a)
 transitory response of «x»



b u / (s-a)
respuesta permanente de «x»

and anti-transforming


     x
=  eat x(0) +  0t  ea(t-) b u() d  =   (t) x(0) +  (t) b u(t)
being


 (t)
=   x / x(0) ]u=0  =  eat
that is to say that, conceptually, the transition of the state (t) it allows to determine the state «x(t)» like it adds of their previous state «x(0)» and what accumulates —convolution— for the excitement «u(t)».

If the system is MI-MO


 (t)
=   x / x(0) ]u=0  =  eAt

     x
=  eAt x(0) +  0t  eA(t-) B u() d  =   (t) x(0) +  (t) b u(t)

     y
=  C x  +  D u   =   C [ (t) x(0) +  (t) b u(t) ]  +  D u(t)



Also, it can demonstrate himself that there is a coincidence among (s) and (s)

(s)  
=   (s)
For discreet systems


  sx  =  A  x   
+   b  u




 
  y   =  C  x    
+   d  u



x(k=1)
=  A x(0)  +  B u(0)

x(2)
=  A x(1)  +  B u(1)
=  A2x(0) +  A B u(0)  +  B u(1)

...


x(k)
=  Ak x(0)  +  0k-1  Ak-i-1 B u(i)  =  (k) x(0)  +  (k)  B u(k)
then


 (z)
=   (k)
=  Ak  


z .(z)  
=   (z)
Example

Be a system of plant of two poles


0    1 

0  
x´  =

  . x
   +  
       . u 


-2  -3 

1  

 1  



y  =
             . x


0  
then we find




s       -1 
sI - A(s) 

=




2     s+3 



s+3     1 
[ sI - A(s) ]-1
=

       /  (s2+3s+2)





2       s 
(t)
=    L -1[(s)]
=    L -1[(s)]   =    L -1 { [ sI - A(s) ]-1 }
   = 



2e-t-e-2t             e-t-e-2t 

=



-2e-t+2e-2t      -e-t+2e-2t 
x(t)
=   (t) x(to) +  (t) b u(t)   =  (t) x(to) +  0t  (t-to) [ 0  1 ]T u(to) dt0  =  



2e-t-e-2t             e-t-e-2t 
x1(to) 

0,5u(t)-e-t+0,5e-2t 

=





+



=


-2e-t+2e-2t      -e-t+2e-2t 
x2(to) 

e-t-e-2t         


x1(t) 

=



x2(t) 
_________________________________________________________________________________
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