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Chap. 40
Estimate of the State in a System

SYSTEMS «SI-SO» (continuous)
ESTIMATORS OF ORDER «n»
Estimator Ge fo «d = 0»
Design estimator Ge of «order n» and «d = 0»
ESTIMATORS OF ORDER «n-1»
Design estimator Ge of «order n-1» and «d = 0»

SYSTEMS «MI-MO» (discreet)

EQUATIONS OF STATE

Design
_________________________________________________________________________________

SYSTEMS «SI-SO» (continuous)

ESTIMATORS OF ORDER «n»

We will work on a plant Gp in the way


x´  =  A  x  +  b u


y   =  cT x  +  d u




with an estimator implemented Ge in the following way




of where it is deduced applying overlapping the following simplification





x^´  =  Ae x^  +  h y  +  be  u


y    =  cT  x^  +  d u


Ae  =  A - hcT

be   =  b - hdT

Af   =  A - ( b - hdT ) kT  



-s1
a12  


A  =



a21 
-s2   


se1
ae12 









Ae  =

   












ae21 
-se2  











Det (s I - A)  =  (s + s1) (s + s2)  =  s2 + a1s + a2  = 0

Estimator Ge fo «d = 0»


Be


x^´  =  Ae x^  +  h y  +  b u


y    =  cT  x^


Ae  =  A - hcT


be   =  b


Af   =  A - b kT  


y    =  x1   cT   =   [ 1  0 ... 0 ] 



-s1
a21  









AT  =

   











a12 
-s2   











The lineal transformation P will be used




x   =   P-1 . x# 

x^  =   P-1 . x^# 

x^#´  =  A# x^#  +  h# y  +  b#  u

hT   =   P-1 .  h#   =  [ h1  h2 ]T 









o11
o12  
O   =   [ cT   ATcT   (AT)2cT ...   (AT)n-1cT ]   =  [ cT   ATcT ]   = 

   









o21 
o22   
O-1   =   ( Adj O ) T / ( Det O ) 










o#11
o#12  
O#   =   [ c#T   A#Tc#T   (A#T)2c#T ...   (A#T)n-1c#T ]   =  [ c#T   A#Tc#T ]   = 

   










o#21 
o#22   





q11
q12  
P-1  =  ( O-1 )T . O#T  =  ( O# . O-1 )T  =   

   







q21 
q22   






p11
p12  
P   =   ( Adj P-1 ) / ( Det P-1 )  =   


   







p21 
p22   



0   0  -a3  

0    -a2  





A#  =   P. A . P-1   =
1   0  
-a2   
= 
   








0   1
-a1  

1     -a1  


b#  =   P. b . P-1   =  [ ...  b#2  b#1 ]T  =  [ b#2  b#1 ]T
c#T  =  [ 0  0  ... 1 ]T   =  [ 0  1 ]T  

h#T  =  [ h#1  h#2 ... ]T  =  [ h#1  h#2 ]T



0  0  -(a1+h#1) 
0   0  -a#e3  

A#e  =
A#  - h# c#T  =
 1  0  -(a2+h#2)     =
1   0  
-a#e2   





0  1  -(a3+h#3) 
0   1
-a#e1  
Det (s I - Ae#)  =  (s + e1) (s + e2)  =  s2 + ae1s + ae2  = 0

and it is observed finally that

h#T  =  [ (ae2 - a2) (ae1 - a1) ]T
Design estimator Ge of «order n» and «d = 0»

We propose the poles of the Glc and kT is calculated to —go to the chapter of feedback of the state.

Now, so that it is effective the feedback, we proceed to calculate the estimator Ge. We should for it to have the following data


A  = ...


c = ...

Dominant {s1; s2} = ...


b = ...




Dominant {sf1; sf2} = ...

We will suppose a plant Gp of second order (n = 2).

We choose the poles of such very speedy Ge that don't affect those of Gp, that maintain the dominant one in Glc, and that they allow to continue to the real state «x» —minimum error—, that is to say


Dominant {s1; s2}  « Dominant {e1; e1}  » Dominant {sf1; sf2}


e1 = ...  , e2 = ...   

We calculate the coefficients of the Gp


Det (s I - A)  =  (s + s1) (s + s2) (s + s3)  =  s3 + a1s2 + a2s + a3  = 0


a1 = ...  , a2 = ...

and also the coefficients of the estimator Ge


Det (s I - Ae)  =   Det (s I - Ae#)  =  (s + e1) (s + e2)  =  s2 + ae1s + ae2  = 0


ae1 = ...  , ae2 = ...   

and we will be able to with it to determine


h#T  =  [ (ae2 - a2) (ae1 - a1) ]T  =  [ h#1  h#2 ]T  = ...

We find the observability O


-s1
a21  











ATcT  =

   
.  [ 1  0 ]T  = ...










a12 
-s2   



















o11
o12  
O   =   [ cT   ATcT   (AT)2cT ...   (AT)n-1cT ]   =  [ cT   ATcT ]   = 

   
= ...









o21 
o22   
O-1   =   ( Adj O )T / ( Det O )  = ...

The womb canonical observability of the original plant Gp is calculated


0   0  -a3  

0    -a2  






A#  =   
1   0  
-a2   
= 
   

= ...


0   1
-a1  

1     -a1  


c#T  =  [ 0  0  ... 1 ]T   =  [ 0  1 ]T  










o#11
o#12  
O#   =   [ c#T   A#Tc#T   (A#T)2c#T ...   (A#T)n-1c#T ]   =  [ c#T   A#Tc#T ]   = 

             = ...










o#21 
o#22   

0   0   -(a1+ h1#) 

0   0   -ae3# 






Ae#  =   
1   0  
-(a2+ h2#)  
= 
1   0  
-ae2#    = ...


0   1
-(a3+ h3#)  

0   1
-ae1#  


and with it our matrix of lineal transformation P-1





q11
q12  
P-1  =  ( O-1 )T . O#T  =  ( O# . O-1 )T  =  

   
= ...






q21 
q22   
P   = ...

b#  = ...




ESTIMATORS OF ORDER «n-1»

Of that seen for the general estimator of «order n» and «d = 0»




Ae  =  A - hcT

Det (s I - Ae)  
=   Det (s I - Ae#)  =  (s + e1) (s + e2) ... (s + en) = 



=   sn + ae1sn-1 + ...  aen  =  s2 + ae1s + ae2  = 0
x   =   P-1 . x# 

x#´  =  A# x#  +  b#  u

y    =  c#T  x#





q11
q12  
P-1  =  ( O-1 )T . O#T  =  ( O# . O-1 )T  =   

   







q21 
q22   






p11
p12  
P   =   ( Adj P-1 ) / ( Det P-1 )  =   


   







p21 
p22   



0   0  -a3  

0    -a2  





A#  =   P. A . P-1   =
1   0  
-a2   
= 
   








0   1
-a1  

1     -a1  


b#  =   P. b    =  [ b#n ...  b#2  b#1 ]T  =  [ b#2  b#1 ]T
c#T  =  [ 0  0  ... 1 ]T   =  [ 0  1 ]T  

we modify again with the following transformation «W»



1   0  -aen-1  



W  
=   
0   1  
-aen-2   




0   0
      1  




1   0   aen-1  



W-1  
=   
0   1  
 aen-2   




0   0
      1  


x*   =   W . x# 




of where

x*´  =  A* x*  +  b*  u

y    =  c*T  x*



0  0 ... 0  -aen-1
   [aen-1(a1-ae1)
+(0-an)]
           




1  0 ... 0  -aen-2
    [aen-2(a1-ae1)
+(aen-1-an-1)]





0  1 ... 0  -aen-3
    [aen-3(a1-ae1)
+(aen-2-an-2)]
A11*       A12*

A*  =   W. A# . W-1   =
...






 = 



0  0 ... 1  -ae1                 [ae1   (a1-ae1)
+(ae2-a2)]         0...1   ae1-a1



0  0 ... 0   1                    [                0 
+(ae1-a1)]         







(b#n   b#1) aen-1








(b#n-1b#1) aen-2








(b#n-2b#1) aen-3


b*  =   W. b . W-1   =  [ b*n ...  b*2  b*1 ]T  =
...









(b#2   b#1) ae1







(b#1    0)



c*T  =  [ 0  0  ... 1 ]T 

being the equations finally for «n-1» states

x(n-1)^*´  =  A(n-1)* x(n-1)^*  +  h(n-1)*T y  +  b(n-1)*T  u

con

A(n-1)*  =   A11*
h(n-1)*   =   A12*
b(n-1)*   =   [ b*n ...  b*2 ]

and for all the states

x^*´  =  A* x^*  +  h* y  +  b*  u




Design estimator Ge of «order n-1» and «d = 0»

We propose the poles of the Glc and kT is calculated to —go to the chapter of feedback of the state.

Now, so that it is effective the feedback, we proceed to calculate the estimator Ge. We should for it to have the following data


A  = ...


c = ...

Dominant {s1; s2} = ...


b = ...




Dominant {sf1; sf2} = ...

We will suppose a plant Gp of second order (n = 2).

We choose the poles of such very speedy Ge that don't affect those of Gp that maintain the dominant one in Glc, and that they allow to continue to the real state «x» —minimum error—, that is to say


Dominant {s1; s2}  « Dominant {e1; e1}  » Dominant {sf1; sf2}


e1 = ...  , e2 = ...   

We calculate the coefficients of the Gp


Det (s I - A)  =  (s + s1) (s + s2) (s + s3)  =  s3 + a1s2 + a2s + a3  = 0


a1 = ...  , a2 = ...

and also the coefficients of the estimator Ge


Det (s I - Ae)  =   Det (s I - Ae#)  =  (s + e1) (s + e2)  =  s2 + ae1s + ae2  = 0


ae1 = ...  , ae2 = ...   

We find the observability O


-s1
a21  











ATcT  =

   
.  [ 1  0 ]T  = ...










a12 
-s2   



















o11
o12  
O   =   [ cT   ATcT   (AT)2cT ...   (AT)n-1cT ]   =  [ cT   ATcT ]   = 

   
= ...









o21 
o22   
O-1   =   ( Adj O ) T / ( Det O )  = ...

We calculate the matrix canonical observability of the original plant Gp


0   0  -a3  

0    -a2  






A#  =   
1   0  
-a2   
= 
   

= ...


0   1
-a1  

1     -a1  


and with it

c#T  =  [ 0  0  ... 1 ]T   =  [ 0  1 ]T  










o#11
o#12  
O#   =   [ c#T   A#Tc#T   (A#T)2c#T ...   (A#T)n-1c#T ]   =  [ c#T   A#Tc#T ]   = 

             = ...










o#21 
o#22   





q11
q12  
P-1  =  ( O-1 )T . O#T  =  ( O# . O-1 )T  =  

       
= ...






q21 
q22   





p11
p12  
P   =   ( Adj P-1 ) / ( Det P-1 )  =   


   
= ...






p21 
p22   
b#  =   P. b    =  [ b#n ...  b#2  b#1 ]T  =  [ b#2  b#1 ]T   = ...

We are then under conditions of finding to the estimator




0  0 ... 0  -aen-1





1  0 ... 0  -aen-2
 
0
-aen-1  


A(n-1)*  =   A11*   =
0  1 ... 0  -aen-3
   =   

       

= ...



...

 
 
1 
-aen-2




0  0 ... 1  -ae1   



aen-1(a1-ae1)
+(0-an)





aen-2(a1-ae1)
+(aen-1-an-1)
aen-1(a1-ae1)
+(0-an)    

h(n-1)* = A12* =
aen-3(a1-ae1)
+(aen-2-an-2)
  =    

   =



...



ae1   (a1-ae1)
+(ae2-a2) 


ae1   (a1-ae1)
+(ae2-a2)





(b#n   b#1) aen-1






(b#n-1b#1) aen-2


b(n-1)*   =   [ b*n ...  b*2 ]T   =
(b#n-2b#1) aen-3
  =   (b#2   b#1) ae1= 





...







(b#2   b#1) ae1



1   0   aen-1  



W-1  
=   
0   1  
 aen-2   
= 


0   0
      1  


SYSTEMS «MI-MO» (discreet)
EQUATIONS OF STATE

The equations of system of the plant Gp is

  x(k+1)

=  A  x(k)   
+   B  u(k)

  y(k)   
=  C  x(k)




dynamically (r = 0)

   u(k)   

=  - K  x(k)
   x^(k+1)
=  A  x^(k)   
+   B  u(k)   +   H [ y(k) - y^(k) ]

the error

   e(k)   

=  x(k) -  x^(k)



of where they are deduced

   x^(k+1)
=  (A - HC)  x^(k)   
+   B  u(k)   +   H y(k)
   e(k+1)   
=  ( A - HC ) e(k)
Design

Be the transformations

   x(k)

=  Q  x*(k)
   x^(k)

=  Q  x^*(k)
   Q

=  ( WOT )-1
   O   

=   [ CT   ATCT   (AT)2CT ...   (AT)n-1CT ] 
observability matrix



an-1   an-2  ...  a1   1 




an-2   an-3  ...  1     0  

   W   

=
...

         



a1     1      ...   0    0  



1       0     ...   0    0 

   Det (zI - A)  =  (z - z1) (z - z2) ... (z - zn)  =  zn + a1zn-1 + ...  an-1z + an  =  0

of where they are demonstrated that

  x*(k+1)
=  Q-1AQ  x*(k)   +   Q-1B  u*(k)

  y(k)   

=  CQ       x*(k)







0   0  ...  0   -an   




1   0  ...  0   -an-1 

   Q-1AQ  
=
...

    



0   0  ...  1   -a1   

   CQ

=   [ 0   0  ...  0   1 ]

   e(k)   

=  x*(k) -  x^*(k)
   e(k+1)   
=  Q-1( A - HC )Q e(k)
We look for in the design:


1) that e e(k) it is the smallest and quick thing possible


2) that e(k+1) it is stable (denominated as dynamics of the error of the system)

for that the poles of the estimator quicker Ge is adopted that those of the closed loop Glc (some 4 or 5 times)


Dominant {s1; s2}  
« Dominant {e1; e2}  
» Dominant {sf1; sf2}


Dominant {z1; z2}  
» Dominant {ze1; ze2}  
« Dominant {zf1; zf2}


ze1 = ...  , ze2 = ...   

We select (or they are data) the coefficients of the plant Gp and of the closed loop Glc (here if all the «1, 2,... n» they are null then we don't have oscillations in the closed loop)

   Det (zI - A)  =  (z - z1) (z - z2) ... (z - zn)  =  zn + a1zn-1 + ...  an-1z + an  =  0


a1 = ...  , a2 = ...   

   Det (zI - Af)  =  (z - zf1) (z - zf2) ... (z - zfn)  =  zn + 1zn-1 + ...  n-1z + n  =  0


1 = ...  , 2 = ...   

They are calculated finally





h1* 

n - an 





h2*  

...         

   h*  
=
Q-1h
=
...    =
2 - a2  =   ...





hn* 

1 - a1 

   h  
=
Q h*
=
( WOT )-1 h*   =   ...

_________________________________________________________________________________
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