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THE LAPLACE CONVOLUTION

Be a transfer G(s) = y(s) / u(s) to the one that is applied a certain signal temporary u() that will also determine an output temporary y(t).

The equations will be


g()   
=  L -1[ G(s) ]
 response to the impulse


0     k    n





yk(t)
=   Área . g(t-k)
   =   u(k) .  . g(t-k)
   


y(t)
=   k=1n yk(t)
    =   k=1n u(k) .  . g(t-k)



y(t)
=   u() . g(t)           =   u(t)  g(t)   =   



=   0t  u() . g(t-) . t      0t  u(t-) . g() . t

DECOMPOSITION IN SIMPLE FRACTIONS

Denominator with simple poles


G(s)  
=  Go(s) / [ (s+p1) (s+p2) ... ]  =  [ A1 / (s+p1) ] + [ A2 / (s+p2) ] + ...


A i
=  [ (s+pi) . G(s) ] s=-pi
Denominator with multiple poles


G(s)  
=  Go(s) / [ (s+p1) (s+p2) ... (s+pk)r (s+pn) ]  =  



=   [ A1 / (s+p1) ] + [ A2 / (s+p2) ] + ... [ An / (s+pn) ] +


simple



     +   [ B1 / (s+pk) ] + [ B2 / (s+pk)2 ] + ... [ Br / (s+pk)r ]  

multiple


A i
=  [ (s+pi) . G(s) ] s=-pi






simple


B r
=  [ (s+pk)r . G(s) ] s=-pk






multiple


B r-1
=  [/  s] . [ (s+pk)r . G(s) ] s=-pk



B r-2
=  [ 1 / 2! ] . [2/  s2] . [ (s+pk)r . G(s) ] s=-pk



...


B 1
=  [ 1 / (r-1)! ] . [r-1/  sr-1] . [ (s+pk)r . G(s) ] s=-pk


AUTO-VALUES AND AUTO-VECTORS

Generalities

Be a matrix A multi-dimensional



a11
a12
     A  
=



a21
a22
and a bi-dimensional vector






v1



v11
v12  
     v 
=   

=  [ v1   v2 ]T
=   



v2



v21 
v22   
with  v1 = [ v11  v12 ]T  y  v2 = [ v21  v22 ]T
We will be able to change their module without changing their angle if we multiply it for a to scaler (real or complex) «s»






s.v1
     s.v 
=   



s.v2
and also their module and angle if we multiply it for the matrix A






a11v1
a12v2
     A .v 
=   



a21v1
a22v2
If now it is completed that «s» it is a matrix line of elements scalers (real or complex)
     s
= 
[ s1  s2 ]

and we make coincide their products in the way








s1v1 
     A .v 
=   
s.v
=





s2v2 
it is said that «v» it is the own vector or auto-vector of the matrix A, and where

     s1v1 
=  a11 v1  +  a12 v2
     s2v2 
=  a21 v1  +  a22 v2
Determination of the auto-values

If we wanted to find these scalers of «s» we make







sa11
    -a12
v1 
     0 
=  s v  -  A v
=  ( s I - A ) v
=









a21
  s-a22
v2 




sa11
    -a12

     0 
=  ( s I - A ) v
=





a21
  s-a22
  Det 0 
=  Det ( s I - A ) 
=  s2 - s ( a11+ a22 ) + ( a11a22 - a12a21 )
=  ( s + s1 ) + ( s + s2 ) =  


=  s2 + a1s + a2  = 0

  s1; s2
=  {  ( a11+ a22 )    [ ( a11+ a22 )2  -  4 ( a11a22 - a12a21 ) ]1/2  } . 1/2  

where we observe that they are the same scalers that determine the roots of the characteristic equation or roots of the characteristic polynomial of the matrix A.

On the other hand, for the case peculiar of a matrix A diagonal ( a12 = a21 = 0)

  s1; s2
=  a11; a22  

In summary

Det ( s I - A ) 
=  ( s + s1 ) + ( s + s2 ) =  s2 + a1s + a2  = 0
ec. characteristic
a1 = ...  , a2 = ...   





coeficients
s1 = ...  , s2 = ...  





auto-values (- poles)
s  =  [ s1 s2  s3 ] 





matrix line of the auto-values
Determination of the auto-vector

If we wanted to find these vectors of «v» we make


A . v  =  s .  v





s1     0 

A . v  =  ( s.I ) .  v  =
                .  v





0     s2  

0  =  ( A - s I ) .  v

then now






s1     0 

a11     a12 

0  =  ( A - s1 I ) .  v1  =     ( A - 
               )  .  v1  =  
             
.  v1





0     s1  

a21     a22  





s2     0 

a11     a12 

0  =  ( A - s2 I ) .  v2  =     ( A - 
               )  .  v2   =  
             
.  v2





0     s2  

a21     a22  
and with it


a11 . v11  +  a12 . v12   =   0


a21 . v11  +  a22 . v12   =   0

v11= ...  v12= ...  


a11 . v21  +  a12 . v22   =   0


a21 . v21  +  a22 . v22   =   0

v21= ...  v22= ...  

ORDER AND TYPE OF A SYSTEM

Order of a system with feedback Glc

It is the «order» or «degree» of the polynomial denominator of Glc; that is to say, of the quantity of inertias or poles that it has.

System type with feedback Glc

For systems with feedback H without poles in the origin —we will study in those H that are constant—, it is denominated «type» to the quantity of «n» poles in the origin that has G—integrations of the advance.

Let us see their utility.

As it was said, be then


G(s)
=   KG . [ (1+s/z1) (1+s/z2) ... ] / [ sn (1+s/s1) (1+s/s2) ... ]


H(s)
=   KH

F(s)
=   1 + G(s)H(s)
=   KF . [ (1+s/w1) (1+s/w2) ... ] / [ sn (1+s/s1) (1+s/s2) ... ]




Now we will find the error «and» of the system in permanent state using the theorem of the final value

e()
=   líms0  s.e(s)   =   líms0  s . [ y(s) / G(s) ]  =   



=   líms0  s . [ r(s) Glc(s) / G(s) ]  =   líms0  s . [ r(s) / F(s) ]  =



=   líms0  s . [ r(s) / ( KF / sn ) ]  =   (1/KF) . líms0  sn+1. r(s)  

and the output «y» also in permanent state


e()
=   líms0  s.e(s)   =   líms0  s . [ y(s) / G(s) ]  =   (1/KG) . líms0  sn+1. y(s)  =



=   (1/KG) . líms0  s . [ sn. y(s) ]  =   límt  n y(t) / tn  


y()
=   KG .  n e() . tn +  Ko

with Ko an integration constant —more big, same or smaller than zero, and that it will depend on the system.

Now these equations detail the following table for different excitements «r»




impulso
escalón
rampa
 
parábola




(Kronecker)




*

1

t

t2

Error «e()»


tipo 0

0

1/KF





tipo 1

0

0

1/KF



tipo 2

0

0

0

1/KF

Salida «y()-Ko»


tipo 0

0

KG/KF





tipo 1

0

0

(KG/KF).t




tipo 2

0

0

0

(KG/2KF).t2
that it expresses the approximate tracking of the error and of the output.
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